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Abstract
This study focuses on non-local boundary value problems (BVP) for elliptic differential-operator
equations (DOE) defined in Banach-valued Besov (B) spaces. Here equations and boundary con-
ditions contain certain parameters. This study found some conditions that guarantee the maximal
regularity and fredholmness in Banach-valued B-spaces uniformly with respect to these parameters.
These results are applied to non-local boundary value problems for a regular elliptic partial differen-
tial equation with parameters on a cylindrical domain to obtain algebraic conditions that guarantee
the same properties.
© 2005 Published by Elsevier Inc.
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1. Introduction and notations
BVPs for DOE have been elaborated in detail by authors of [5,18,23,34,43,45]. The
solvability and spectrum of BVPs for elliptic DOE have been studied also in [4,7,8,12,
16,22,33,35–39,44]. A comprehensive introduction to the differential-operator equations
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spaces essentially have been considered. The maximal regular initial and BVPs in Banach-
valued function spaces have been investigated, e.g., in [4,13,38,42] . The main objective of
the present paper is to discuss non-local BVPs for DOE with parameters in Banach-valued
B-spaces. In this work:
(1) The BVPs are considered in Banach-valued B spaces.
(2) DOE and BVP contain certain parameters in principal party.
(3) Boundary conditions are, generally, non-local and non-homogeneous.
(4) Operators occurring in equations and boundary conditions are, in general, unbounded.
The uniformly maximal regularity and fredholmness of these problems with respect to
these parameters are proved. These results are applied to non-local boundary value prob-
lems for elliptic, quasi-elliptic partial differential equations with parameters, and their finite
or infinite systems on cylindrical domains.
Let E be a Banach space and x = (x1, x2, . . . , xn) ∈ Ω ⊂ Rn. Let Lp(Ω;E) denote a
space of strongly measurable E-valued Bochner functions on Ω with the norm
‖f ‖Lp(Ω;E) =
(∫ ∥∥f (x)∥∥p
E
dx
)1/p
, 1 p < ∞.
By Lp(Ω) and Blp,q (Ω), p = (p1,p2), will be denoted a scalar-valued p-summable func-
tion space and Besov space with mixed norm, respectively (see, e.g., [9]). Let S(Rn;E)
denote a Schwartz class, i.e. a space of E-valued rapidly decreasing smooth functions ϕ
on Rn and S′(Rn;E) denotes a E-valued tempered distributions. Let y ∈ R, m ∈ N , and
let ei , i = 1,2, . . . , n, be standard unit vectors in Rn. Let
i(y)f (x) = f (x + yei)− f (x),
...
mi (y)f (x) = i(y)
[
m−1i (y)f (x)
]= m∑
k=0
(−1)m+kCkmf (x + kyei),
i(y) = i(Ω,y) =
{
i(y)f (x), for [x, x + myei] ⊂ Ω,
0 for [x, x + myei] /∈ Ω.
Let mi be positive integers, ki be non-negative integers, si be positive numbers and mi >
si − ki > 0, i = 1,2, . . . , n, s = (s1, s2, . . . , sn), 1 p ∞, 1 θ ∞, 0 < y0 < ∞. Let
F denote Fourier transform. The Banach-valued Besov spaces Bsp,θ (Ω;E) are defined as
Bsp,θ (Ω;E) =
{
f : f ∈ Lp(Ω;E), ‖f ‖Bsp,θ (Ω;E) = ‖f ‖Lp(Ω;E)
+
n∑
i=1
( h0∫
0
h−[(si−ki )q+1]
∥∥mii (h,Ω)Dkii f (x)∥∥θLp(Ω;E) dy
)1/θ
< ∞
for 1 θ < ∞
}
,
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n∑
i=1
sup
0<h<h0

mi
i (h,Ω)D
ki
i f (x)Lp(Ω;E)
hsi−ki
for θ = ∞.
A Banach space E is said to be ζ -convex (see [10,11,13,30]) if there exists a symmetric
real-valued function ζ(u, v) on E×E which is convex with respect to each of the variables
and satisfies the conditions
ζ(0,0) > 0, ζ(u, v) ‖u + v‖ for ‖u‖ = ‖v‖ = 1.
A ζ -convex Banach space E is often called a UMD-space and written as E ∈ UMD. It
is shown [10] that a Hilbert operator
(Hf )(x) = lim
ε→0
∫
|x−y|>ε
f (y)
x − y dy
is bounded in Lp(R;E), p ∈ (1,∞), for those and only those spaces E which possess
the property of UMD spaces. UMD spaces contain, e.g., Lp , lp and Lorentz spaces Lpq ,
p,q ∈ (1,∞).
Let C be a set of complex numbers and
Sϕ =
{
λ: λ ∈ C, |argλ− π | π − ϕ}∪ {0}, 0 < ϕ  π.
A linear operator A is said to be ϕ-positive in a Banach space E, with bound M > 0 if:
• D(A) is dense on E and ‖(A− λI)−1‖L(E) M(1 + |λ|)−1 with λ ∈ Sϕ , ϕ ∈ (0,π],
• I is an identity operator in E,
• L(E) is a space of bounded linear operators acting in E.
Sometimes, instead of A + λI , it will be written A + λ or denoted by Aλ. It is known
[41, Section 1.15.1] that there exist fractional powers Aθ of the positive operator A. Let
E(Aθ) denote a space D(Aθ) with graph norm
‖u‖E(Aθ ) =
(‖u‖p + ‖Aθu‖p)1/p, 1 p < ∞, −∞ < θ < ∞.
Let E1 and E2 be two Banach spaces. By (E1,E2)θ,p , 0 < θ < 1, 1 p < ∞, will be
denoted interpolation spaces defined by real method (see, e.g., [26] or [41, Sections 1.3–
1.8]). Let Ω ∈ Rn, l = (l1, l2, . . . , ln), Dlkk = ∂lk /∂xlkk . Let E0 and E be two Banach spaces
with E0 continuously and densely embedded into E. Let us introduce Besov–Lions type
spaces Bl,sp,q(Ω;E0,E) which are collections of functions u ∈ Bsp,q(Ω;E0) having the
generalized derivatives Dlkk u ∈ Bsp,q(Ω;E), k = 1,2, . . . , n, with norm
‖u‖
B
l,s
p,q (Ω;E0,E) = ‖u‖Bsp,q (Ω;E0) +
n∑
k=1
∥∥Dlkk u∥∥Bsp,q (Ω;E) < ∞.
Let l = (l1, l2, . . . , ln), s = (s1, s2, . . . , sn) and li  si > 0. We set Bl+sp,q (Ω;E0,E) =
Bsp,q(Ω;E0)∩Blp,q(Ω;E) with norm
‖u‖Bl (Ω;E ,E) = ‖u‖Bs (Ω;E ) + ‖u‖Bl (Ω;E).p,q 0 p,q 0 p,q
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and for s1 = s2 = · · · = sn = s, spaces Bl,sp,q(Ω;E), Bl,sp,q(Ω;E0,E) and Bl+sp,q (Ω;E0,E)
will be denoted by Bm,sp,q (a, b;E), Bm,sp,q (a, b;E0,E), and Bl+sp,q (a, b;E0,E), respectively.
Let t = (t1, t2, . . . , tn), where tj are positive parameters. We define in Bl,sp,q(Ω;E0,E)
parameterized norm
‖u‖
B
l,s
p,q,t (Ω;E0,E) = ‖u‖Bsp,q (Ω;E0) +
n∑
k=1
∥∥tkDlkk u∥∥Bsp,q (Ω;E).
A function Ψ ∈ C(l)(Rn;L(E1,E2)) is called a Fourier multiplier from Bsp,q(Rn;E1)
to Bsp,q(R
n;E2) if there exists a constant C > 0 such that∥∥F−1Ψ (ξ)Fu∥∥
Bsp,q (R
n;E2)  C‖u‖Bsp,q (Rn;E1)
for all u ∈ Bsp,q(Rn;E1), where F and F−1 are the Fourier and the inverse Fourier trans-
forms, respectively. The set of all multipliers from Bsp,q(Rn;E1) to Bsp,q(Rn;E2) will be
denoted by Msp,q(E1,E2). For the case E1 = E2 = E it will be denoted by Msp,q(E). Let
Hk =
{
Ψh ∈ Mp,q(E1,E2): h = (h1, h2, . . . , hL) ∈ Q
}
be a collection of multipliers in Msp,q(E1,E2). We say that Ψh = Ψh(ξ) is a uniformly
bounded multiplier with respect to h if there exists a constant C > 0, independent of
h ∈ K(h) and such that∥∥F−1ΨhFu∥∥Bsp,q (Rn,E2) C‖u‖Bsp,q (Rn,E1)
for all h ∈ K(h) and u ∈ Bsp,q(Rn;E1).
The exposition of the theory of Lp-multipliers of the Fourier transformation and some
related references can be found in [41, Sections 2.2.1–2.2.4]. On the other hand, in vector-
valued function spaces, Fourier multipliers have been studied by [4,11,13,19,27,42]. Let
β = (β1, β2, . . . , βn),
Vn =
{
ξ = (ξ1, ξ2, . . . , ξn) ∈ Rn: ξi 
= 0, i = 1,2, . . . , n
}
.
Definition 1. A Banach space E satisfies a B-multiplier condition with respect to p ∈
(1,∞) and q ∈ [1,∞], when Ψ ∈ Cn(Rn;B(E)), |β| n, ξ ∈ Vn, if the estimate
|ξ1|β1 |ξ2|β2 · · · |ξn|βn
∥∥DβΨ (ξ)∥∥
L(E)
 C implies Ψ ∈ Msp,q(E).
Remark. By virtue of [4] or [19], all ζ -convex spaces satisfies B-multiplier condition.
In a similar way as in [4, Theorems 7.1, 7.3] or [19, Corollary 4.11], it is shown that if
Ψh = Ψh(ξ) ∈ Cn(Rn;B(E)) satisfies the above estimate uniformly with respect to h then
Ψh is a uniformly bounded multiplier in Bsp,q(Rn;E) with respect to h.
It is well known (e.g., see [4,19]) that any Hilbert space satisfies the B-multiplier condi-
tion with respect to any p ∈ (1,∞) and q ∈ [1,∞]. There are, however, Banach spaces that
are not Hilbert spaces but satisfy the B-multiplier condition, e.g., UMD spaces (see, e.g.,
[4,42]). However, for UMD spaces additional conditions are needed for operator-valued
multipliers to be satisfied by the Lp-multiplier condition (e.g., R-boundedness [11,13,42]).
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to t if D(A(t)) is independent of t , D(A(t)) is dense in E, and
∥∥(A(t) − λI)−1∥∥ M
1 + |λ| for all λ ∈ S(ϕ), ϕ ∈ (0,π).
Let σ∞(E) denote a space of compact operators acting in E.
2. Background material
Embedding theorems of vector-valued Besov spaces play important role in the present
investigation. Such theorems have been studied, e.g., in [4,6,39,40]. Let
s = (s1, s2, . . . , sn), l = (l1, l2, . . . , ln), sk > 0, lk > 0.
By using a similar technique as in [9, Section 18] and [41, Section 14] we obtain the
following.
Lemma A1. Let E be a Banach space satisfying the multiplier condition with respect to
p ∈ (1,∞) and q ∈ [1,∞]. Let Ω ∈ Rn be a region such that there exists a bounded linear
extension operator acting from Bsp,q(Ω;E) to Bsp,q(Rn;E) and also from Bl+sp,q (Rn;E) to
Bl+sp,q (Rn;E). Then
Bl,sp,q(Ω;E) = Bl+sp,q (Ω;E).
By using techniques similar to [36–39], we obtain the following.
Theorem A1. Let the following conditions be satisfied:
(1) E is a Banach space satisfying the multiplier condition with respect to p ∈ (1,∞) and
q ∈ [1,∞].
(2) α = (α1, α2, . . . , αn), l = (l1, l2, . . . , ln) are n-tuples of non-negative integer numbers
such that
 =
n∑
k=1
αk
lk
 1, 0 μ 1 − .
(3) A is a ϕ-positive operator in E for 0 < ϕ  π and 0 < h h0 < ∞, 0 < tk  T < ∞.
(4) Ω ∈ Rn is a region such that there exists a bounded linear extension operator acting
from Bsp,q(Ω;E) to Bsp,q(Rn;E) and from Bl,sp,q(Ω;E(A),E) to Bl,sp,q(Rn;E(A),E).
Then an embedding
DαBl,sp,q
(
Ω;E(A),E)⊂ Bsp,q(Ω;E(A1−−μ))
is continuous and there exists a positive constant Cμ such that
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k=1
t
αk/ lk
k ‖Dαu‖Bsp,q (Ω;E(A1−−μ))
Cμ
[
hμ‖u‖
B
l,s
p,q (Ω;E(A),E) + h
−(1−μ)‖u‖Bsp,q (Ω;E)
] (1)
for all u ∈ Bl,sp,q(Ω;E(A),E).
Proof. The theorem, at first, is proved for the case Ω = Rn. In this case inequality (1) is
equivalent to
n∏
k=1
t
αk/ l
k
k
∥∥F−1(iξ)αA1−−μuˆ∥∥
Bsp,q (R
n;E)
Cμ
{
hμ
(
‖F−1Auˆ‖Bsp,q (Rn;E) +
n∑
k=1
∥∥tkF−1((iξk)lk uˆ)∥∥Bsp,q (Rn;E)
)
+ h−(1−μ)‖F−1uˆ‖Bsp,q (Rn;E)
}
.
So it is sufficient to show that the operator-function
Ψt(ξ) = Ψt,h,μ(ξ) =
n∏
k=1
t
αk/ lk
k (iξ)
αA1−−μh−μ
[
A+
n∑
k=1
tkδ
lk (ξk)+ h−1
]
is a multiplier in Bsp,q(Rn;E), where δ ∈ C∞(R) with δ(y)  0 for all y  0, δ(y) = 0
for |y|  1/2, δ(y) = 1 for |y|  1 and δ(−y) = −δ(y) for all y. Indeed as in [36,37],
using the Moment inequality for powers of positive operators and the Young inequality, we
obtain that the operator function Ψt(ξ) for all with |β| n and ξ = (ξ1, ξ2, . . . , ξn) ∈ Rn,
ξi 
= 0, satisfies the estimate∥∥DβΨt(ξ)∥∥L(E) C|ξ |−β
uniformly with respect to ξ ∈ Rn and parameters h, t . Therefore, by Definition 1, Ψt(ξ)
is multiplier in Bsp,q(Rn;E). Thus, the theorem for the case of Ω = Rn is proved. Then,
by using the extension operator in spaces Bl,sp,q(Ω;E(A),E) and Bsp,q(Ω;E), we obtain
Theorem A1 for the general case of Ω . 
Theorem A2. Suppose all conditions of Theorem A1 are satisfied and suppose Ω is a
bounded region in Rn, A−1 ∈ σ∞(E). Then, for 0 <μ 1 −  , an embedding
DαBl,sp,q
(
Ω;E(A),E)⊂ Bsp,q(Ω;E(A1−−μ))
is compact.
Proof. By putting h = ‖u‖Bsp,q (Ω;E)/‖u‖Bl,sp,q,t (Ω;E(A),E) in (1) we obtain multiplicative
inequality
n∏
t
αk/ lk
k ‖Dαu‖Bsp,q (Ω;E(A1−−μ))  Cμ‖u‖
μ
Bsp,q (Ω;E)‖u‖
1−μ
B
l,s
p,q,t (Ω;E(A),E)
. (2)
k=1
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Bl+sp,q
(
Ω;E(A),E)⊂ Bsp,q(Ω;E)
is compact. Then, by virtue of Lemma A1 and by estimate (2), we obtain the assertion of
Theorem A2. 
Theorem A3. Suppose all conditions of Theorem A1 are satisfies for ϕ ∈ (0,π/2) and
0 <μ< 1 −  .
Then an embedding
DαBl,sp,q
(
Ω;E(A),E)⊂ Bsp,q(Ω; (E(A),E),1)
is continuous and there exists a positive constant Cμ such that
n∏
k=1
t
αk/ lk
k ‖Dαu‖Bsp,q (Ω;(E(A),E)+μ,1)
 Cμ
[
hμ‖u‖
B
l,s
p,q,t (Ω;E(A),E) + h
−(1−μ)‖u‖Bsp,q (Ω;E)
]
for all u ∈ Bl,sp,q(Ω;E(A),E).
By reasoning as in Theorem A2, we obtain
Theorem A4. Suppose all the conditions of Theorem A3s are satisfied and suppose Ω is a
bounded region in Rn, A−1 ∈ σ∞(E). Then, for 0 <μ< 1 −  , an embedding
DαBl,sp,q
(
Ω;E(A),E)⊂ Bsp,q(Ω; (E(A),E)+μ,1)
is compact.
By using of estimates of semigroups generated by positive operators in Bsp,q(0, b;E)
and by reasoning as [12], we obtain:
Theorem A5. Let A be a positive operator of type ϕ with a bound M in a Banach space E
and 0 < s < 1. Moreover, let m be a positive integer,
η = η(s,m,α) = α
m
+ s
2m
− 1
2mp
,
1 p < ∞, 1 q < ∞ and 12p − s < α <m + 12p − s.
Then for λ ∈ S(ϕ) an operator −A1/2λ generates a semigroup e−A
1/2
λ x which is holomor-
phic for x > 0 and strongly continuous for x  0. Moreover, there exists a constant C > 0
(depending only on M,ϕ,m,α, s,p, q) such that∥∥Aαλe−xA1/2λ u∥∥Bsp,q (0,b;E)  C(‖u‖(E,E(Am))η,p + |λ|η/m‖u‖E)
for every u ∈ (E,E(Am))η,p and λ ∈ S(ϕ).
By using the similar technique as in [41, Section 1.8.2] and [9, Section 18], we obtain:
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(1) 0 < s < 1, l is a positive integers and 1 <p < ∞, 1 q ∞;
(2) θj = (j + 1/p)/(s + l + 1/q − 1/p), 0 < t  t0 < ∞, 0  j  l − 1, 0 < h  h0,
0 <μ 1 − θj .
Then transformations u → u(j)(0) are bounded and linear from Bs+lp,q (0, b;E0,E) to
(E0,E)θj ,q , and for u ∈ Bs+lp,q (0,1;E0,E) the following inequalities hold:
tθj
∥∥u(j)(0)∥∥
(E0,E)θj+μ,q
 hμ‖u‖
Bs+lp,q,t (0,1;E0,E) + h
−(1−μ)‖u‖Bsp,q (0,1;E). (3)
3. Statement of the problem
Consider the following non-local boundary value problem:
L(t)u = −tu′′(x)+ Au(x)+ t 12 B1(x)u′(x) +B2(x)u(x) = f (x), x ∈ (0,1), (4)
Lku = tθk
[
αku
(mk)(0)+ βku(mk)(1) +
Nk∑
j=1
δkj u
(mk)(xk,j )
]
+
Mk∑
j=1
tγ Tkju(xkj0)
= fk, k = 1,2, (5)
in Bsp,q(0,1;E), where
θk = (mk + 1/p)
s + 2 + |1/p − 1/q| , γ = γ (s) =
1
p(s + 2 + |1/p − 1/q|) ,
for 0 < s < 1, mk ∈ {0,1}; αk , βk , δkj are complex numbers, and t is a parameter, 0 < t 
t0 < ∞; moreover, A, Bk(x) for x ∈ [0,1], and Tkj are, in general, unbounded operators
in E, also fk ∈ Ek = (E(A),E)θk,q , xkj ∈ (0,1), xkj0 ∈ [0,1] for k = 1,2.
A function belonging to space B2+sp,q (0,1;E(A),E) and satisfying Eq. (4) a.e. on (0,1)
is said to be a solution of Eq. (4) on (0,1).
Let
B2+sp,q
(
0,1;E(A),E,Lk
)= {u: u ∈ B2+sp,q (0,1;E(A),E), Lku = 0, k = 1,2}.
4. Homogeneous equations
Let us first consider the following non-local boundary value problem:∣∣L0(t) + λ∣∣u = −tu′′(x) + (A + λ)u(x) = 0, (6)
Lk0u = tθk
[
αku
(mk)(0)+ βku(mk)(1)+
Nk∑
j=1
δkju
(mk)(xkj )
]
= fk, k = 1,2, (7)
where λ is a complex parameter, mk ∈ {0,1}; αk,βk, δkj are complex numbers, A is, in
general, an unbounded operator in E, and D = d .dx
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(1) √|1/p − 1/q| s < 1 − |1/p − 1/q|, 1 <p < ∞, 1 q ∞, 0 < t  t0 < ∞;
(2) δ = (−1)m1α1β2 − (−1)m2α2β1 
= 0;
(3) A is a ϕ-positive operator in a Banach space E for 0 < ϕ  π .
Theorem 1. Let Condition 1 be satisfied. Then problem (6)–(7) for fk ∈ Ek and |argλ|
π − ϕ, with sufficiently large |λ| has a unique solution that belongs to the space
B2+sp,q (0,1;E(A),E) and coercive uniformity which is defined by
2∑
i=0
t i/2|λ|1−i/2‖u(i)‖Bsp,q (0,1;E) + ‖Au‖Bsp,q (0,1;E)
M
2∑
k=1
(‖fk‖Ek + |λ|θk‖fk‖E) (8)
with respect to parameters t and λ the estimate holds for the solution of problem (6)–(7).
Proof. Consider a boundary value problem[
L0(t)+ λ
]
u = −u′′(x) + t−1(A + λ)u(x) = 0, (9)
Lk0u = 0, k = 1,2, (10)
which is equivalent to (6)–(7). By definition of positive operators for 0 < t  t0 < ∞, an
operator A
t
is positive uniformly with respect to the parameter t > 0 and, for all λ ∈ Sϕ , we
have an estimate∥∥∥∥
(
A
t
− λI
)−1∥∥∥∥M t1 + t |λ| . (11)
By virtue of estimate (11) and by using the similar technique of [45, Lemma 5.4.2/6],
we obtain that there exists a holomorphic for x > 0 and strongly continuous for x  0
semigroup e−x(t−1Aλ)1/2 and an arbitrary solution of Eq. (9), for |argλ| π −ϕ, belonging
to space B2+sp,q (0,1;E(A),E) has a form
u(x) = e−xt−1/2A1/2λ g1 + e−(1−x)t−1/2A
1/2
λ g2, (12)
where
gk ∈
(
E(A),E
)
γ,p
, k = 1,2.
Now, taking into account boundary conditions (10), we obtain an algebraic linear equa-
tions with respect to g1, g2;
(−1)mk e−xt−1/2A1/2λ Amk/2λ
{[
αk + βke−t−1/2A
1/2
λ +
Nk∑
j=1
δkj e
−xkj t−1/2A1/2λ
]
g1
+
[
αke
−t−1/2A1/2λ + βk +
Nk∑
δkj e
−(1−xkj )t−1/2A1/2λ
]
g2
}
= fk, k = 1,2. (13)j=1
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we get ‖D(λ, t)‖B(E2) → 0 for |λ| → ∞ uniformly with respect to t , where D(λ, t) is a
determinant-operator of system (13). Then by condition (3) for |argλ|  π − ϕ, λ → ∞
the operator-matrix Q(λ, t) = [δ +D(λ, t)]−1 is invertible and is bounded uniformly with
respect to parameters λ and t . By solving system (13), we obtain
g1 =
∣∣Q(λ, t)∣∣
{[
α2e
−t−1/2A1/2λ + β2 +
Nk∑
j=1
δ2j e
−(1−x2j )t−1/2A1/2λ
]
A
−m1/2
λ f1
−
[
α1e
−t−1/2A1/2λ + β1 +
Nk∑
j=1
δ1j e
−(1−x1j )t−1/2A1/2λ
]
A
−m2/2
λ f2
}
,
g2 =
∣∣Q(λ, t)∣∣
{
(−1)m1
[
α1 + β1e−t−1/2A
1/2
λ +
Nk∑
j=1
δ1j e
−x1j t−1/2A1/2λ
]
A
−m2/2
λ f2
− (−1)m2
[
α2 + β2e−t−1/2A
1/2
λ +
Nk∑
j=1
δ2j e
−x2j t−1/2A1/2λ
]
A
−m1/2
λ f1
}
, (14)
where |Q(λ, t)| denote a determinant-operator of matrix-operator Q(λ, t). From the repre-
sentation of the operators D(λ, t) and |Q(λ, t)|, it follows that these operators are bounded
uniformly with respect to t and λ and the operators contained in equality (14) commute
with any powers of operators A1/2λ . Consequently, substituting (14) into (12), we obtain a
representation of the solution of problem (9)–(10). By part (1) of Condition 1 we get
θk  η0 = p(1 − s) + 12p .
Then, by using Lemma A1 and Theorem A5, we obtain the assertion. 
5. Non-homogeneous equations
Now consider a non-local boundary value problems for a non-homogeneous equation∣∣L0(t) + λ∣∣u = −tu′′(x) + (A + λI)u(x) = f (x), x ∈ (0,1), (15)
L0ku = tθk
[
αku
(mk)(0)+ βku(mk)(1)+
Nk∑
j=1
δkju
(mk)(xkj )
]
= fk, k = 1,2. (16)
Theorem 2. Let Condition 1 be satisfied and let E be a Banach space satisfying the
multiplier condition with respect to p and q . Then an operator u → [D0(t) + λ]u =
{[L0(t) + λ]u,L10u,L20u}, for |argλ|  π − ϕ, 0 < ϕ  π , and sufficiently large |λ|,
is an isomorphism from B2+sp,q (0,1;E(A),E) onto Bsp,q(0,1;E) + E1 + E2. Moreover,
coercive uniformity which is defined by
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j=0
tj/2|λ|1−j/2‖u(j)‖Bsp,q + ‖Au‖Bsp,q
 C
[
‖f ‖Bsp,q +
2∑
k=1
‖fk‖Ek + |λ|θk‖fk‖E
]
(17)
with respect to parameters λ and t , the estimate holds for the solution of problem (15)–(16).
Proof. By the definition of the space B2+sp,q (0,1;E(A),E), by Theorem A6 and Lemma A1,
we obtain that an operator u → [D0(t) + λ]u is bounded linear from B2+sp,q (0,1;E(A),E)
to Bsp,q(0,1;E)+ E1 + E2. By virtue of the Banach theorem, it suffices to prove that it is
algebraic isomorphism. To see this, we have to prove uniqueness of the solution of problem
(15)–(16) in Theorem 1. Let us define
f˜ (x) =
{
f (x) if x ∈ [0,1],
0 if x /∈ [0,1].
We show that a solution of problem (15)–(16) which belong to space B2+sp,q (0,1;E(A),E)
can be represented as a sum v(x) = u1(x) + u2(x), where u1 is a restriction on [0,1] of a
solution u of the equation[
L0(t, ξ) + λ
]
u = f˜ (x), x ∈ R = (−∞,∞), (18)
u2 is a solution of the problem[
L0(t, ξ) + λ
]
u = 0, Lk0u = fk −Lk0u1. (19)
The solution of Eq. (18) is given by the formula
u(x) = F−1[L0(t, ξ)+ λ]−1F f˜ (x),
where F f˜ (x) is the Fourier transform of the function f˜ (x), and [L0(t, ξ)+ λ] is a charac-
teristic operator pencil of Eq. (18), i.e.[
L0(t, ξ) + λ
]= (tξ2 + λ)I + A.
Let us show that operator-functions
Ψt,λ(ξ) = A
[
L0(t, ξ) + λ
]−1
,
Ψt,λ,j (ξ) = tj/2|λ|1−j/2ξj
[
L0(t, ξ)+ λ
]−1
, j = 0,1,2,
are Fourier multipliers in Bsp,q(R;E) uniformly with respect to parameters λ and t . Due to
positivity of A for |argλ| π − ϕ and ξ ∈ (−∞,∞), we have∥∥∥∥ didξ i Ψt,λ(ξ)
∥∥∥∥ C|ξ |−i ,
∥∥∥∥ didξ i Ψt,λ,j (ξ)
∥∥∥∥C|ξ |−i ,
i = 0,1, j = 0,1,2, (20)
uniformly with respect to parameters t and λ. Therefore, by virtue of Definition 1 and by
Remark in Section 1, from (20) we obtain that operator functions Ψt,λ(ξ) and Ψt,λ,j (ξ) are
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that problem (18) for all f˜ (x) ∈ Bsp,q(R) has a solution u ∈ B2+sp,q (R;E(A),E) and
2∑
j=0
tj/2|λ|1−j/2‖u(j)‖Bsp,q (R;E) + ‖Au‖Bsp,q (R;E) C
∥∥f˜ (x)∥∥
Bsp,q (R;E). (21)
Then we obtain that u1 ∈ B2+sp,q (0,1;E(A),E) is solution of Eq. (18) on (0,1). By
virtue of Theorem A6, we get that u(mk)1 (x0) ∈ Ek , k = 1,2, for all x0 ∈ [0,1]. Hence,
L0ku1 ∈ Ek . Thus, by virtue of Theorem 1, problem (19) has the unique solution u2(x)
that belongs to space B2+sp,q (0,1;E(A),E) for |argλ| π −ϕ and for sufficiently large |λ|.
Moreover, we have
2∑
j=0
tj/2|λ|1−j/2∥∥u(j)2 ∥∥Bsp,q (R;E) + ‖Au2‖Bsp,q (R;E)
C
2∑
k=1
[‖fk‖Ek + |λ|1−θk‖fk‖E + |λ|1−θk‖L0ku1‖E + ∥∥u(mk)1 ∥∥C([0,1];Ek)
+ |λ|1−θk∥∥u(mk)1 ∥∥C([0,1];E)]. (22)
From (21) for |argλ| π − ϕ we obtain
2∑
j=0
tj/2|λ|1−j/2∥∥u(j)1 ∥∥Bsp,q (R;E) + ‖Au1‖Bsp,q (R;E)  C∥∥f˜ (x)∥∥Bsp,q (R;E). (23)
Therefore, by Theorem A6 and by virtue of estimate (23), we obtain
tθk
∥∥u(mk)1 (x0)∥∥Ek  C‖u1‖B2+sp,q,t (0,1;E(A),E)  C‖f ‖Bsp,q (0,1;E), k = 1,2. (24)
In a similar way, we have
|λ|1−θk tθk∥∥u(mk)1 (x0)∥∥E  C‖f ‖Bsp,q , j = 1,2, k = 1,2, (25)
uniformly with respect to parameters t and λ. Hence from (22) and (24)–(25) we obtain
2∑
j=0
tj/2|λ|1−j/2∥∥u(j)2 ∥∥Bsp,q + ‖Au2‖Bsp,q
C
(
‖f ‖Bsp,q +
2∑
k=1
(‖fk‖Ek + |λ|1−θk‖fk‖E)
)
. (26)
Then estimates (23) and (26) imply (17). 
6. Coerciveness on the space variable and fredholmness
Consider problem (4)–(5).
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conditions hold:
(1) A−1 ∈ σ∞(E), 0 < t  t0 < ∞.
(2) For any ε > 0 and for almost all x ∈ [0,1],∥∥B1(x)u∥∥ ε‖u‖(E(A),E)1/2,1 + C(ε)‖u‖, u ∈ (E(A),E)1/2,1,∥∥B2(x)u∥∥ ε‖Au‖ +C(ε)‖u‖, u ∈ D(A),
the functions B1(x)u, B2(x)u for u ∈ (E(A),E)1/2,1 and u ∈ D(A), respectively, are
measurable on [0,1] in E.
(3) If mk = 0, then Tkj = 0, if mk = 1 then for ε > 0 and u ∈ Eγ = (E(A),E)γ,g , γ =
1/(p(s + 2 + |1/p − 1/q|)),
‖Tkju‖Ek  ε‖u‖Eγ + C(ε)‖u‖.
Then for all u ∈ B2+sp,q (0,1;E(A),E) coercive uniformity which is defined by
2∑
i=0
t i/2|λ|1−i/2‖u(i)‖Bsp,q + ‖Au‖Bsp,q
 C
[
‖Lu‖Bsp,q +
2∑
k=1
‖Lku‖Ek + ‖u‖Bsp,q
]
(27)
with respect to parameter t and λ, the coercive estimate holds for the solution of problem
(4)–(5).
Proof. The general case is reduced to the latter if operators A + λI and B2(x) − λI
for some sufficiently large |λ|, are considered instead of operators A and B2. Let u ∈
B2+sp,q (0,1;E(A),E) be a solution of problem (4)–(5). Then u(x) is a solution of a prob-
lem
−t d
2
dx2
u(x) + (A + λI)u(x) = f (x) + λu(x) − t1/2B1(x) d
dx
u(x) −B2(x)u(x),
Lk0u = fk −
Mk∑
j=1
tγ Tkju(xkj0), k = 1,2,
where Lk0 are defined by Eq. (7). By Theorem 2, for sufficiently large λ0 > 0 we have
2∑
i=0
t i/2|λ|1−i/2‖u(i)‖Bsp,q + ‖Au‖Bsp,q
 C
[∥∥f + λ0u − t1/2B1u(1) − B2u∥∥Bsp,q +
2∑
k=1
∥∥∥∥∥fk −
Mk∑
j=1
tγ Tkju(xkj0)
∥∥∥∥∥
Ek
]
.
(28)
14 V.B. Shakhmurov / J. Math. Anal. Appl. 320 (2006) 1–19By condition (2) and by virtue of Theorem A3, for all u ∈ B2+sp,q (0,1;E(A),E) we have
t1/2‖B1u(1)‖Bsp,q  ε‖u(1)‖B1+sp,q,t (0,1;(E(A),E) 1
2 ,1
E)
+C(ε)∥∥t1/2u(1)∥∥
Bsp,q
,
‖B2u‖Bsp,q  ε‖u‖B1+sp,q,t (0,1;E(A),E) + C(ε)‖u‖Bsp,q , ε > 0. (29)
Moreover, from Theorem A3 we obtain that an operator u → du/dx is bounded from
B2+sp,q (0,1;E) into B1+sp,q (0,1;E) and for u ∈ B2+sp,q (0,1;E)
∃ε > 0: ∥∥t1/2u(1)∥∥
Bsp,q
 ε‖u‖
B2+sp,q,t (0,1;E) +C(ε)‖u‖Bsp,q . (30)
Hence, in view of inequalities (29) and (30), it follows:∥∥t1/2B1u(1)∥∥Bsp,q  ε‖u‖B2+sp,q,t (0,1;E(A),E) +C(ε)‖u‖Bsp,q ,
‖B2u‖Bsp,q  ε‖u‖B2+sp,q,t (0,1;E(A),E) + C(ε)‖u‖Bsp,q (31)
for u ∈ B2+sp,q (0,1;E(A),E). By virtue of Theorem A6, an operator u → u(x0) from
B2+sp,q (0,1;E(A),E) into Eγ is bounded and for u ∈ B2+sp,q (0,1;E(A),E) we have
tγ
∥∥u(x0)∥∥Eγ  ε‖u‖B2+sp,q,t (0,1;E(A),E) +C(ε)‖u‖Bsp,q .
Consequently, from condition (3) and by the above estimate for all u ∈ B2+sp,q (0,1;
E(A),E), it follows:
tγ
∥∥Tkju(xkj0)∥∥Ek  ε‖u‖B2+sp,q,t (0,1;E(A),E) + C(ε)‖u‖Bsp,q . (32)
Substituting (31) and (32) into (28), we get (27). 
Theorem 4. Let all conditions of Theorem 3 be satisfied. Then an operator u → D(t)u =
{L(t)u,L1u,L2u} is Fredholm from B2+sp,q (0,1;E(A),E) into Bsp,q(0,1;E)+E1 + E2.
Proof. Let D(t) = [D0(t)+ λ] + (D1(t)− λ], where[
D0(t)+ λ
]
u = {[D0(t)+ λ]u,L10,L20},
[
D1(t)− λ
]
u =
{
−λu+ t1/2B1(x)u(1)(x) +B2(x)u(x),
M1∑
j=1
tγ T1j u(x1j ),
M2∑
j=1
tγ T2j u(x2j )
}
and L0,L10,L20 are defined by Eqs. (15), (16). By Theorem 3 we obtain that operator
D0(t)+λ has a bounded inverse from B2+sp,q (0,1;E(A),E) onto Bsp,q(0,1;E)+E1 +E2.
From estimate (27) and in view of Theorem A2, it follows that operator D1 from
B2+sp,q (0,1;E(A),E) into Bsp,q(0,1;E) + E1 + E2 is compact. Then in view of Theo-
rem 3 and by the perturbation theory of linear operators [24], it follows that operator D(t)
from B2+sp,q (0,1;E(A),E) into Bsp,q(0,1;E)+E1 +E2 is Fredholm. 
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Fredholm property of boundary value problems for elliptic equations with parameters
in smooth domains was studied in [1–3,28]; for non-smooth domains it was treated in
[17,25,31,32]. In [14,15,32] and [20,21] the non-local BVPs were studied. In this section,
by applying Theorems 3, 4, the coercive estimate and fredholmness of non-local ellip-
tic boundary value problem with parameters in Besov spaces are obtained. Let Ω ⊂ Rm,
m 2, be a bounded domain with an (m−1)-dimensional boundary ∂Ω which locally ad-
mits rectification. Let G = [0,1]×Ω . Let us consider a non-local boundary value problem
for an elliptic differential equation of second order:
[
L(t)+ λ]= −tD2xu(x, y) −
m∑
k,j=1
akj (y)DkDju(x, y) + t1/2a(x, y)Dxu(x, y)
+
m∑
j=1
aj (x, y)Dju(x, y)+ a0(x, y)u(x, y) + λu(x, y)
= f (x, y), (x, y) ∈ G, (33)
Lku = tθk
(
αk
∂mk
∂xmk
u(0, y)+ βk ∂
mk
∂xmk
u(1, y)
)
+
Nk∑
j=1
tθk δkj
∂mk
∂xmk
u(xkj , y)
+
Mk∑
j=1
tγ Tkju(xkj0, y)
= fk(y), k = 1,2, y ∈ Ω, (34)
L0u =
m∑
j=1
cj (y
′) ∂
∂yj
u(x, y′)+ c0(y′)u(x, y′) = 0, x ∈ (0,1), y′ ∈ ∂Ω, (35)
where 0 < t  t0 < ∞, Dx = ∂/∂x, Dj = −i∂/∂yj , Dy = (D1, . . . ,Dm), mk ∈ {0,1},
θk = mk + 1/p2 + s + |1/p − 1/q| , γ =
1
p(s + 2)+ |1/p − 1/q|
and αk , βk are complex numbers, y = (y1, . . . , ym), xkj ∈ (0,1), xkj0 ∈ [0,1], Tkj are,
generally speaking, unbounded operators in Bsp,q(Ω). Let
r = ordL0, sk = 2 + s − 2(mk + 1/p)2 + s + |1/p − 1/q| ,
s0 = 2 + s − 1
p(2 + s)+ p|1/p − 1/q| .
Remark 1. By using [41, Sections 2.9.3, 3.6.4, 4.3.3] and the localization technique for
r < sk , the following equalities are obtained:
Bk =
(
B2+sp0,q(Ω;L0u = 0),Bsp0,q (Ω)
)
θk,q
= Bskp0,q (Ω;L0u = 0),
Bk0 =
(
B2+sp0,q (Ω;L0u = 0),Bsp0,q(Ω)
)
γ,q
= Bs0p0,q (Ω;L0u = 0).
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B = Bsp,q
(
0,1;Bsp0,q (Ω)
)
, B0 = B2+sp,q
(
0,1;B2+sp0,q (Ω),Bsp0,q(Ω)
)
.
It is clear to see that
B ⊂ Bsp,q (G), B0 ⊂ B2+sp,q (G).
Theorem 5. Let the following conditions be satisfied:
(1) akj ∈ C(Ω), a, aj , a0 ∈ C1(Ω), cj ∈ C1(Ω), c0 ∈ C(Ω); ∂Ω ∈ C2, 0 < t  t0 < ∞;
(2) ∑mj=1 cj (y′)σj 
= 0, y′ ∈ ∂Ω , σ ∈ Rm, where σ ∈ Rm is normal to ∂G and c0 ∈ C1(G)
for r = 1; c0(y′) 
= 0, y′ ∈ ∂G for r = 0;
(3) for y ∈ Ω , σ ∈ Rm, argλ = π , |σ | + |λ| 
= 0,
λ+
m∑
k,j=1
akj (y)σkσj 
= 0;
(4) for the tangent vector σ and a normal vector σ to ∂Ω at the point y′ ∈ ∂Ω , the
following boundary value problem:[
λ +
m∑
k,j=1
akj (y
′)
(
σ ′k − iσj
d
dt
)(
σ ′k − iσj
d
dt
)]
u(ξ) = 0,
ξ > 0, λ 0,
m∑
j=1
cj (y
′)
(
σ ′k − iσj
d
dt
)
u(ξ)
∣∣∣∣
ξ=0
= h (36)
for r = 1 (and for r = 0 the problem generated by Eqs. (36) with u(0) = h) has one
and only one solution, including all its derivatives, tending to zero as ξ → ∞ for any
numbers h ∈ C1;
(5) (−1)m1α1β2 − (−1)m2α2β1 
= 0;
(6) if mk = 0 then Tkj = 0, if mk = 1 then for ε > 0 and u ∈ Bskp0,q (Ω;L0u = 0), r < sk ,
‖Tkju‖Bskp0,q (Ω)  ε‖u‖Bs0p0,q (Ω) + c(ε)‖u‖Lp(Ω).
Then:
(a) Problem (33)–(35) for all f ∈ B , 1 <p0,p < ∞, 1 q ∞, fk ∈ Bk , for |argλ| = π
and sufficiently large |λ|, has a unique solution that belongs to the space B0 and coer-
cive uniformity which is defined by
‖u‖B0  C
[∥∥(L + λ)u∥∥
B
+
2∑
k=1
‖Lku‖Bk + ‖u‖B
]
with respect to parameters t and λ, estimate holds for the solution of problem
(33)–(35);
(b) An operator u → Q(t)u = {L(t)u,L1u,L2u} from B0 into B ×∏2 Bk is Fredholm.k=1
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D(A) = B2+sp0,q (Ω;L0u = 0), Au = −
m∑
k,j=1
akj (y)DkDju(y).
For x ∈ [0,1] also consider operators
B1(x)u = a(x, y)u(y), B2(x)u =
m∑
j=1
aj (x, y)Dju(y) + a0(x, y)u(x, y).
Then problem (33)–(35) can be rewritten in the form:
−t d
2u(x)
dx2
+Au(x) + t1/2B1(x)du(x)
dx
+B2(x)u(x) + λu(x) = f (x),
x ∈ (0,1),
αkt
θk
[
u(mk)(0)+ βku(mk)(1)+
Nk∑
j=1
δkju
(mk)(xkj )
]
+
Mk∑
j=1
tγ Tkju(xkj0) = fk,
k = 1,2, (37)
where u(x) = u(x , ·), f (x) = f (x , ·) are functions with values in space E = Bsp0,q (Ω)
and fk = fk(·). Let us apply Theorem 3 to problem (37). By virtue of [29], a problem
λu(y) −
m∑
k,j=1
akj (y)DkDju(y) = f (y), y ∈ Ω,
m∑
j=1
cj (y
′)Dju(y′)+ c0(y′)u(y′) = 0, y′ ∈ ∂Ω,
for argλ = π , |λ| → ∞ and f ∈ Bsp0,q (Ω) has a unique solution u and
|λ| ‖u‖Bsp0,q (Ω)  C‖f ‖Bsp0,q (Ω).
Consequently, ‖(A − λI)−1‖  C|λ|−1 for argλ = π , |λ| → ∞, i.e. part (3) of Con-
dition 1 is fulfilled. By Theorem A2 an embedding B2+sp0,q (Ω) ⊂ Bsp0,q(Ω) is compact.
Consequently, condition (1) of Theorem 3 is fulfilled too. Conditions (5) and (6) coincide
with part (2) of Condition 1 and condition (3) of Theorem 3, respectively. Using interpola-
tion properties of Besov spaces (see, e.g., [9, Section 18], [41, Section 4]) and Remark 1,
it is easy to see that other conditions of Theorems 3, 4 are fulfilled. 
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